We establish a generalization of the inequality introduced by Mitrinović and Pečarić in 1988. We prove mean value theorems of Cauchy type for that new inequality by taking its difference. Furthermore, we prove the positive semidefiniteness of the matrices generated by the difference of the inequality which implies the exponential convexity and logarithmic convexity. Finally, we define new means of Cauchy type and prove the monotonicity of these means.
Introduction
Let K x, t be a nonnegative kernel. Consider a function u : a, b → R, where u ∈ U v, K , and the representation of u is for any continuous function v on a, b . Throughout the paper, it is assumed that all integrals under consideration exist and that they are finite.
The following theorem is given in 1 see also 2, page 235 . Let us recall the following definition. The following proposition is useful to prove the exponential convexity. i h is exponentially convex.
ii h is continuous, and
for every n ∈ N,ξ i ∈ a, b , and
This paper is organized in this manner. In Section 2, we give the generalization of Mitrinović-Pečarić inequality and prove the mean value theorems of Cauchy type. We also introduce the new type of Cauchy means. In Section 3, we give the proof of positive semidefiniteness of matrices generated by the difference of that inequality obtained from the generalization of Mitrinović-Pečarić inequality and also discuss the exponential convexity. At the end, we prove the monotonicity of the means.
Journal of Inequalities and Applications 3

Main Results
Theorem 2.1. Let u i ∈ U v, K i 1, 2 , and r x ≥ 0 for all x ∈ a, b . Also let I ⊆ R be an interval, let φ : I → R be convex, and let
where
2.3
By Jensen's inequality, we get
2.4
Remark 2.2. If φ is strictly convex on I and v 1 x /v 2 x is nonconstant, then the inequality in 2.1 is strict. 
On the other hand, φ is increasing function, we have
2.7
From 2.6 and 2.7 , we get 1.2 .
If f ∈ C a, b and α > 0, then the Riemann-Liouville fractional integral is defined by
We will use the following kernel in the upcoming corollary:
2.9
Corollary 2.4.
Let AC a, b be space of all absolutely continuous functions on a, b . By AC n a, b , we denote the space of all functions g ∈ C n a, b with g n−1 ∈ AC a, b . Let α ∈ R and g ∈ AC n a, b . Then the Caputo fractional derivative see 5, p. 270 of order α for a function g is defined by
where n α 1; the notation of α stands for the largest integer not greater than α. Here we use the following kernel in the upcoming corollary:
2.13
Corollary 2.5.
14 where
Let L 1 a, b be the space of all functions integrable on a, b . For β ∈ R , we say that
The next lemma is very useful to give the upcoming corollary 6 see also 5, p. 449 .
for all a ≤ s ≤ b.
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Clearly
2.19
Now we use the following kernel in the upcoming corollary:
2.20
Corollary 2.7.
Lemma 2.8. Let f ∈ C 2 I , and let I be a compact interval, such that
2.23
Consider two functions φ 1 , φ 2 defined as
2.24
Then φ 1 and φ 2 are convex on I.
Proof. We have
that is φ 1 , φ 2 are convex on I.
Theorem 2.9. Let f ∈ C 2 I , let I be a compact interval, u i ∈ U v, K i 1, 2 , and r x ≥ 0 for all x ∈ a, b . Also let u 1 x /u 2 x , v 1 x /v 2 x ∈ I, v 1 x /v 2 x be nonconstant, and let q x be given in 2.2 . Then there exists ξ ∈ I such that
2.26
Proof. Since f ∈ C 2 I and I is a compact interval, therefore, suppose that m min f , M max f . Using Theorem 2.1 for the function φ 1 defined in Lemma 2.8, we have
From Remark 2.2, we have
Therefore, 2.27 can be written as
We have a similar result for the function φ 2 defined in Lemma 2.8 as follows:
Using 2.29 and 2.30 , we have
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By Lemma 2.8, there exists ξ ∈ I such that
This is the claim of the theorem.
Let us note that a generalized mean value Theorem 2.9 for fractional derivative was given in 7 . Here we will give some related results as consequences of Theorem 2.9. 
2.34
Corollary 2.12. 
2.36
It is provided that denominators are not equal to zero.
Proof. Let us take a function h ∈ C 2 I defined as
2.38
By Theorem 2.9 with f h, we have 0
so we have
This implies that
Let us note that a generalized Cauchy mean-valued theorem for fractional derivative was given in 8 . Here we will give some related results as consequences of Theorem 2.13. 
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2.43
It is provided that denominators are not equal to zero. 
2.45
2.46
